Quantum state transfer through a qubit network with energy shifts and fluctuations 
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We study quantum state transfer through a qubit network modeled by spins with XY interaction, 
when relying on a single excitation. We show that it is possible to achieve perfect transfer by 
shifting (adding) energy to specific vertices. This technique appears to be a potentially powerful 
tool to change, and in some cases improve, transfer capabilities of quantum networks. Analytical 
results are presented for all-to-all networks and all-to-all networks with a missing link. Moreover, 
we evaluate the eflfect of random fluctuations on the transmission fidelity. 



I. INTRODUCTION 

The rapid growth of the area of quantum informa- 
tion has led to consider the idea of multi users quan- 
tum networks with the final goal of realizing a number 
of nano-scale devices and communication protocols 
The study of networks of interacting qubits (spins) con- 
stitutes a good testing ground for this purpose. In the 
last few years, this kind of networks have been specifically 
considered to be good candidates for engineering perfect 
quantum channels and allowing information transfer be- 
tween distant locations i, i, En (see also 3, 

for a re- 
view). Such networks appear to be useful for the imple- 
mentation of data buses in quantum mechanical devices, 
in particular because they undergo a free dynamics after 
an initial set-up. 

In this perspective, the possibility of having perfect 
state transfer (for short, PST) comes from suitable quan- 
tum interference effects in the network dynamics. How- 
ever, one of the problems arising in such a scenario is 
given by natural dispersion effects and destructive inter- 
ference, which determine a loss of information between 
communicating sites. In the worst cases, information can 
even remain totally localized, due to Anderson localiza- 
tion effects While this situation may still be useful, 
this is not the case when designing protocols for distant 
communication. 

In a number of recent papers, PST has been related to 
the combinatorial properties of networks (see, e.g., 0, 
and the references contained therein). In particular, in 
the XY model (respectively, the XYZ model) , when con- 
sidering a single excitation, it has been shown that PST 
essentially depends on the eigensystem of the adjacency 
matrix of the graph (respectively, the Laplacian matrix) , 
because certain invariant eigenspaces of the total Hilbert 



space evolve independently. 

Here we discuss the problem of how to improve the fi- 
delity of excitation transfer for a fixed interaction {XY 
model) and network. In particular, we show that, by a 
suitable energy shift corresponding to some vertices in 
the network, it is possible to achieve perfect transfer in 
cases where this does not usually happen. We conjecture 
that this is possible in many networks, whenever we add 
a suitable amount of energy. Moreover, we evaluate the 
effect of random fluctuations on the transmission fidelity. 
We separately consider noise affecting qubits' frequencies 
and qubits' couplings and we show signatures of Ander- 
son localization '1'] as well as of stochastic resonance [§1 . 

The structure of the paper is as follows. In Section II, 
we describe the model considered here. In Section HI, 
we give rigorous results for all-to-all networks and all-to- 
all networks with a missing link, therefore extending the 
cases studied in [sj. For these networks, we show that a 
certain energy shift allows PST. Indeed, it is well-known 
that there is no PST for an all-to-all network without 
energy shift. For the case of an all-to-all network with a 
missing link, the energy shift changes the periodicity of 
the evolution. In Section IV, we discuss how to enhance 
the transfer fidelity for a linear spin chain. It is known 
that a spin chain with constant couplings allows PST 
between its end-vertices only when it has length two or 
three. Evidence given by numerics show that PST can be 
achieved in chains of any length by an appropriate energy 
shift independent of the number of nodes. The drawback 
is a rapid increase of the transfer time. Furthermore, 
the number of geodesies between the input and output 
vertex seems to play a role in determining the transfer 
time. Finally, in Section V, we show how noise affects the 
transfer. In particular, we show that disordered couplings 
are more deleterious than disordered frequencies when 
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optimal energy shift is used. In the absence of such a 
shift, the noise may enhance the transmission fidehty. 
Conclusions are drawn in Section VI, where we briefly 
summarize the results and outline potential applications. 



the complete graph, Kn, and of the complete graph with 
a missing link, K~ . In these two cases, given the Hamil- 
tonian Hxy , we express analytically the fidelity and the 
transfer time as a function of n and A e ■ 



II. SET-UP 

Let G — (y, E) be a simple undirected graph (that 
is, without loops or parallel edges), with set of vertices 
V{G) (such that \ViG)\ = n) and set of edges E{G). 
The adjacency matrix of G is denoted by A(G) and de- 
fined by [A(G)],, = 1, if ij £ S(G); [^(G)]„ = if 
ij ^ E{G). The adjacency matrix is a useful tool to de- 
scribe a network of n spin-1/2 quantum particles. The 
particles are usually attached to the vertices of G, while 
the edges of G represent their allowed couplings. If one 
considers the XY interaction model then G E{G) 

means that the particles i and j interact by the Hamil- 
tonian [HxY{G)\,j = {X.,Xj +YiYj). Throughout the 
paper Xi and Yi denote the usual Pauli operators of the 
i-ih particle. 

Here we consider unit coupling constant. Thus, the 
Hamiltonian of the whole network reads 

1 " 

Hxy{g) = - 5] [A{G%, {x,x, + (i) 

and it acts on the Hilbert space (C2)^". Let us now re- 
strict our attention to the single excitation subspace C", 
i.e., the subspace of dimension n spanned by the vectors 
{|1), . . . , A vector |j) indicates the presence of the 
excitation on the j-th site and the absence on all the oth- 
ers. This is equivalent to the following tensor product of 
the Z- eigenstates [ . . . 010 . . . ) , being 1 in the j-th posi- 

n 

tion. In the basis {|1), . . . , the Hamiltonian coming 
from Eq. ^ has entries {BxyiG^j = 2[^(G)]y. This 
will be called the XY adjacency matrix of the graph G. 
Hereafter, we shall consider the possibility of adding an 
amount A^; of free energy to desired sites. In this case, 
the XY Hamiltonian reads 

{A£;(i), if i = j; 
2, if i, J Gi?(G); (2) 
0, otherwise, 

We simply write A^; instead of A£;(i) when i is clear 
from the context. Finally, let us recall the definition of 
the fidelity at time t between vertex i and vertex j as 
fG{i,j'it) '■= where i represents the in- 

put vertex and j the output vertex (in short I/O). 

III. FIDELITY 

In this section, we present rigorous results about the 
effects of an energy shift only in the input/output ver- 
tices for two specific networks: we consider the case of 



A. Complete graph 

Every two vertices of the complete graph Kn are adja- 
cent. For this graph, we can prove the next result: 

Theorem \ Let a = AvP- - 4(n - 4) As -|- A|, with 
n > 4 and k E N. For an energy shift AE{i,j) on the 
vertices i,j G I/O, we have the following observations: 

• ma.xt fK„{i,i;t) = m&xt fK„{j, j;t) = 1, for 
^E{i,j) ~ 2n and t ~ 2kTT/a; 

• maxt fj^- {k, k;t) = 1, for every k ^ I/O and t — 
Akn/a. 

When i ^ j , 

• maxf /x„ (i, j; = 1, for AE{i,j) — 2n and t = 
{2tt + 47rfc) /a; 

• maxt fK^ii, k;t) — 16/a^, for Asii) — 2n, k ^ 
I/O and < = (27r + 47rfc) /a; 

. maxtfKAk,l;t) = [(a(n - 2) - 2)]y4a^{n - 2)^, 
for k, I ^ I/O and t = 2kTr/a. 

Proof. The XY adjacency matrix of Kn has the form 

r Ae, if^=J e//0; 
[HxYiKn)h = < 0, \ii= 3^1/0; 

I 2, otherwise. 

The characteristic polynomial P(X) can be obtained as 
a function of n and A^;: 

F(A) = (A + 2)"-3(Ab - 2 - A) X (\(n - 1) 
-2(n - 3)Aij + 2{n - 2)A + A^A - A^) . 

The roots of P(A) are as follows: Ai = Aij - 2, A'a"^ = 
-2, A^4 = (2(n -2) + Ae± a)/2. A corresponding 
(unnormalized) orthogonal basis of eigenvectors can be 
written as 

|Ai) = (-1,0,. ..,0,1) 

r -i, if u e {2, n - r : 1 =^ r ^ ? - 1}; 
[|A2-'-""^)]u = < 1, ifu = n-Z; 

[ 0, otherwise, 

|A3±4) = (1,C^±,...,C^±,1), 

where oj^ = ^^-2) (^('^ — 4) — A^; ± a). Thus, from 
the spectral decomposition of the unitary matrix in the 
canonical basis, Ut{Kn) = Q~i-H{K„)t ^ have the follow- 
ing diagonal entries: 
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-t[A3]* 



• if i e I/O then 

[Ut{Kr,)]^^ ^ — {a-2n + ^E 

(a - 2n - Ab + 8) e-'l^*l* 

<,[Ai]t. 



1 

1 

4a 
1 



• if i ^ //O then 



(n - 3) e-^[^il* 

n — 2 



1 



2na — 4a 
1 



{a ~2n + Ae + S)e' 
{a + 2n~ Ae -S)e- 



t[A3]t 
t[A4]t 



2na — 4a 

The ofF-diagonal entries of Ut{Kn) are as follows: 

• if i ^ j and i,j £ I/O then 

^ 2(n-4)- Ag + a ^,,^^^1, 
4a 

_ ip-dAi]t. 
2 

• if i =/= j, i G ^/O and j ^ -^/O or viz, then 
[C/t(i^„)],, =2(e-'[^^l*-e-'[^^l*)/a. 

• if i / and i,j ^ //O then 



A, 



2(n - 2)a 
2{n - A) - Ae + a 
2(n- 2)a ' 



l[A3]t 



1 



,-<.[A2]t 



(n-2)a 

This gives us the tools to evaluate the fidelity for 
generic situations. For instance, if we take i,j G I/O, 
the fidelity fii,j;t) = \{j\UtiK^)\i)\^ reads 

,r . A| + 3a^^4Ag(n-4)+4(n-4)^ 

f{hj;t) = (3) 



+ Ae + a - 2n) (a + 2n - 8 - Ae) 



8a2 

Ae - 2(n - 4) + a 

A CO 

4a 

Ae -2(n~A)-a 

'a 

4a 



cos(at) 



'^2n - As + a 



2n- Ae - a 



Imposing Ab = 2n, PST is achieved for t = i (27r + Ank) 
with fc e N. ■ 

The main results are visualized in Fig. ([1]) where the 
fidelity f{i,j',t) between any two vertices i and j of a 



complete graph is plotted as a function of time t. It is 
well known that, in this case, there is no PST without 
energy shift as it is shown by the dashed line. On the 
contrary, optimal energy shift (A^; = 2n) allows PST 
(fidelity equal to one) at times t ~ {2tt + Airk) /a with 
/c G N as shown by the solid line. 
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FIG. 1: Fidelity f{i,j;t) between any two vertices i and j of 
a complete graph with n = 5 as a function of time t in two 
settings: in the absence of energy shift (dashed line) and in 
the presence of optimal energy shift (solid line). 



B. Complete graph with a missing link 

The graph is obtained from Kn by deleting an 
edge, specifically the one between the input and the out- 
put vertex. The next result describes the behavior of the 
system in this case: 



Theorem 2 Let 13 = ^4(?i2 + 2n - 7) - 4(n - 3)Ai5 + A| 
with 71 > 4 and k £ N. For an energy shift AE{i,j) 
on the vertices i,j G I/O, we have the following 
observations: 

• iR'AXt fK„{i,i;t) = maxt/K„(j, = 1, for 
AE{i,j) = 2n - 6 andt^ 2fc7r//?; 

• maxf fj^-{k,k;t) — 1, for every k ^ I/O and t = 
Akn/P. " 

When i ^ j , 

• maxf /K„(i, = I, for AE{i,j) = 2n - 6 and 

{271 + ink) /a; 

• maxt fKAhk;t) = I6//32, for Ae{i) - 2n - 6, fc ^ 
I/O and t = (27r + 47rfc) /(i; 

• ma.xtfKAk,l;t) = Mn - 2) - 2)]y4l3\n - 2)^, 
fork,liI/0 andt = 2kTT/p. 

Proof. The proof is very similar to the one of Theorem[T] 

The characteristic polynomial P{X) of the XY adjacency 
matrix of K~ can be obtained as function of n and A^;: 

P(A) = (A + 2)"-3(A^ - 2 - A) X (4(n - 1) 

-2{n - 3)Ae + 2{n - 2)A + A^A - A^) . 
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The roots of P(A) are as follows: Ai = A^;, A2~^ = 
-2, A3_4 = (2(n - 3) + ± /3)/2. A corresponding 
(unnomialized) orthogonal basis of eigenvectors can be 
written as 

|Ai) = (-1,0,..., 0,1) 

i, if M e {2, n - r : 1 ^ r ^ / - 1}; 



n \ l</<n— 3\ 1 



1, li u = n — l\ 
0, otherwise, 

|A3± ) = (l,c^±,...,c^±,l). 



where uj"^ = 4(„"'_2) (^(^'- ^ 3) — A^ ± The diagonal 
entries of Ut{Kn) = e^'^(^")* are given in terms of its 
spectral decomposition: 

• if i e I/O then 

[f/t(^n)]« = ^ (/3 - 2n + As + 6) e-'[^^l* 

+ -5- (/3 - 2n - Ab + 6) e-^[^*l* 
4p 

^ 2 

• if i ^ //O then 

[C/,(if„)],, = ^(n-3)e-'[^^]* 
n — 2 

+ ^^(/?-2. + A. + 6)e-'[-. 
+ ^^(/? + 2.-A.-6)e-[-l*. 

The off-diagonal entries of Ut{Kn) are as follows: 

• if i ^ j and i,j £ I/O then 



Ag-2(n-3) + /? 
4,9 

2(n-3)-A£; + a 



[M]t 



4/3 



• if i 7^ J, i G //O and j ^ ^/O or dzz., then 
[C/t(X„)],, - 2(e-'[^3]t „ e-'[^^l*)//3; 

• if i 7^ J and i, j ^ I/O then 
A^-2(n-3) + /3 ^_,^;,^1, 



2(71 - 2)/3 
2(n - 3) - Ag + g 



2(n-2)/3 

,-t[A2]t 



1 



If we take i,j G //O, the fidelity f{i,j;t) 
\{j\Ut{K^)\i)\^ reads 



/(*,j;t) 



A| + 3/3^ - 4Ag(n - 3) + 4(n - 3)^ 
8/32 

(6 + As + /3 - 2n){/3 + 2n - 6 - A^) 



8/32 



(4) 

cos(/3i) 



6-2n + Aj; +/3 
4/3 

6-2n + Ab -/3 
4/3 



■ cos 



2n-6- AB + /3 



2n-6- AB-/3 



If we assume that A^ = 2?t. — 6 then PST is achieved for 
t = i (27r + ink) with fc G N. ■ 

Notice that for K~ we have A^ = 2n — 6, while for 
Kn we have A^ = 2n. This fact alone does not provide 
enough information to conjecture that the energy shift re- 
quired for PST in a graph with m edges is proportional 
to m. Indeed, the energy shift appears to be a nonlinear 
function of the eigensystem of the matrix Hxy{G). Also, 
notice that the matrices HxriKn) and HxY{Kn) sat- 
isfy the relation {HxriKn) ■ Hxy{K-)Y = Hxy{K-) ■ 
HxY{Kn). 




[n - 2)(3 



FIG. 2: Fidelity f{i,j;t) between the two nonadjacent ver- 
tices i and j of a complete graph with a missing link with 
n = 5 as a function of time t in two settings: in the absence 
of energy shift (dashed line) and in the presence of optimal 
energy shift (solid line) . 



The main results are visualized in Fig. Here, the 
fidelity f{i,j]t) between the two nonadjacent vertices i 
and j of is plotted as a function of time t. In this case, 
it is known fE\ that for n multiple of four there is PST 
in the isotropic Heisenberg model without energy shift. 
In the XY model considered here, numerical solutions of 
the suitable t in Eq. (j4|) suggest that PST can be reached 
also in other cases as shown by the dashed line in Fig. 

In this case the fidelity is one for i « 5 and n = 5. 
This is a remarkable generalization that we conjecture 
true for every n. An intuition of this fact can be derived 
substituting the value of A^ = in the Eq. ^ that 
turns out to be independent of the number of nodes n 
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10 


0.7 5 19 


99 


20 


0.7 8 81 


8010 


30 


0.7 12 178 


2665 


40 


0.7 16 313 


6260 


50 


0.7 20 494 


12294 



TABLE I: Numerical results of the transfer time for chains of 
small length and varying energy shift on the end-vertices. 
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4 
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1 


5 


19 


99 
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3 


11 


62 


3 


2 


9 


42 


4 


1 


6 


36 



TABLE II: Numerical results for the decrease of the trans- 
fer time with a fixed energy shift on the end-vertices and an 
increasing number of paths 



when the fidehty reaches its maximum. However, the 
use of optimal energy shift (A^; ~ 2n — 6) allows PST at 
shorter times t — jj (Stt -f 'ink) with fc G N as shown by 
the solid line, thus facilitating the information transfer. 



im gives evidence that we can gradually cut the transfer 
time by increasing the number of paths. Intuitively, an 
equivalent result should be also obtained by modifying 
the couplings in the original chain. 



IV. SPIN CHAINS 

A special case of a network is represented by a linear 
spin chain, where the vertices at the extremities are con- 
sidered as input and output. By adding an appropriate 
free energy shift A e (independent of the number of nodes 
n) to these vertices, numerical results involving relatively 
large chains point out that we can always achieve PST. 
This is remarkable because usual spin chains with more 
than three vertices do not allow PST. As a counterpart of 
this fact, the transfer time generally grows rapidly with 
the number of vertices and with the amount of energy 
A^;. However, in some special cases like the three vertices 
chain, where PST is achievable without adding energy, 
the energy shift only causes a larger transfer time. Table 
U shows accordingly some numerical results for chains of 
small length and energy shift on the end-vertices. Apart 
from n = 2, for the sake of clarity, we take the closest 
integer to the real values obtained. 

It is plausible that the transfer time in a generic net- 
work decreases as the number of paths between the input 
and the output vertex increases. The minimum transfer 
time is clearly achieved when the two vertices are adja- 
cent. Thus, for a fixed amount of energy A^;, numerical 
results show that the transfer time for the maximum fi- 
delity, tij{G), between vertices i and j of a network G on 
n vertices, is 

Here t/^j^ j^ is the transfer time of the spin chain with n 
vertices and Pmin j) is the number of different geodesies 
between i and j. Table HIl shows the transfer time re- 
quired to obtain a fidelity close to one, when we consider 
antipodal vertices in graphs of a family constructed as 
follows: only two vertices, which are then said to be an- 
tipodal, have degree I; all other vertices have degree 2 
and belong to paths connecting the antipodal vertices. 
Such paths are disjoint and have only the antipodal ver- 
tices in common. The number of vertices in a graph with 
I paths of length n is n + {n — 2)l, for n > 3. Table 



V. FLUCTUATIONS 

In this section, we analyze the problem of transferring 
an energy excitation in the presence of noise. We keep 
working with Kn and . In practice, we consider a 
gaussian stochastic process ^ij of zero mean and vari- 
ance, affecting the energy of the particles (qubits' fre- 
quencies) or the interaction energies (qubits' couplings). 
Under this assumption, the Hamiltonian entries become 

[ Ae+Cu, if i = je I/O; 
[HxY (G, Oh = ) 2 + , if U e £;(G) ; 

[ + , otherwise. 

We then distinguish two cases: noise affecting the vertices 
and noise affecting the edges. Formally, 

1- tii 7^ 0, foreveryi G V{G) and — 0, when i ^ j; 

2- 7^ 0, f oreveryiandj G E{G) and = 0. 

We are interested in evaluating the average fidelity as 
a function of the variance of the independent gaussian 
random variables. The chosen energy shift A^; is the 
optimal one, according to the results of Section HI. 

The results are reported in FigO By comparing top 
and bottom graphics we can see that disordered couplings 
are more deleterious than disordered frequencies with an 
optimal energy shift. This fact has been already pointed 
out in a different context by Gammaitoni et al. in 
The decay of fidelity over comes from the fact that 
the noise causes localization phenomena for the excita- 
tion transfer [l[ . This is more evident for where the 
"degree of disorder" is higher (compare top-left and top- 
right plots). Furthermore, in the absence of energy shift 
the noise may enhances the transmission fidelity (top-left 
and bottom- right plots) . This is reminiscent of stochastic 
resonance effects [SJ- 
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VI. CONCLUSIONS 



We have shown how to enhance the fidehty of exci- 
tation transfer in a quantum spin network with a fixed 
interaction (XY model) and network. It turns out that 
it is possible to achieve perfect transfer with the use of 
suitable energy shifts in all-to-all networks and in all-to- 
all networks with a missing link. We conjecture that this 
is possible in any network. This technique is promis- 
ing for future applications as recent works with super- 
conducting qubits suggest and references therein). 
Finally, we have shown how different kinds of noise affect 
the transfer fidelity. We believe that our results could 
open up new perspectives for communication or informa- 
tion processing in quantum networks. 
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FIG. 3: On the left, average fidelity between any two vertices 
of a complete graph as a function of the variance (at op- 
timal time). At the bottom (resp. top) is represented the 
case 1. (resp. 2.). The solid line refers to the presence of op- 
timal energy shift at input/output vertices while the dashed 
line refers to the absence of such shift. On the right, average 
fidelity between the two nonadjacent vertices of a complete 
graph with a missing link as a function of the variance (at 
optimal time). At the bottom (resp. top) is represented the 
case 1. (resp. 2.). The solid line refers to the presence of op- 
timal energy shift at input/output vertices while the dashed 
line refers to the absence of such a shift. 
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